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Abstract. In 1994, Matsuda and Okabe introduced the notion of semistar 
operation. This concept extends the classical concept of star operation (cf. 
for instance, Gilmer's book 1201 ') and, hence, the related classical theory of 
ideal systems based on the works by W. KruU, E. Noether, H. Priifer and P. 
Lorenzen from 1930's. 

In 1171 and 1181 the current authors investigated properties of the Kronecker 
function rings which arise from arbitrary semistar operations on an integral 
domain D. In this paper we extend that study and also generalize Kang's 
notion of a star Nagata ring I3UI and 1311 to the semistar setting. Our principal 
focuses are the similarities between the ideal structure of the Nagata and 
Kronecker semistar rings and between the natural semistar operations that 
these two types of function rings give rise to on Z?. 



1. Introduction 

A principal use of the classical star operations has been to construct Kronecker 
function rings associated to an integral domain, in a more general context than the 
original one considered by L. Kronecker in 1882 (cf. (3^, and for a 
modern presentation of Kronecker 's theory). In this setting, one begins with an 
integrally closed domain D and a star operation ★ on 13 with the cancellation 
property known as e.a.b. (endlich arithmetisch brauchbar). Then the Kronecker 
function ring is constructed as follows: 

KriD, {f/g | /, 5 e D[X] \ {0} and cif)* C c(.g)*} U {0} , 
(where c{h) denotes the content of a polynomial h G D[X] ). This domain turns 
out to be a Bezout overring of the polynomial ring D[X] such that Kr(il', -k)r\K = 
D (where K is the quotient field of 13 ) , cf . ,21 Section 32] . 
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In 1994, Okabe and Matsuda 0J| introduced the more "flexible" notion of semi- 
star operation * of an integral domain D , as a natural generalization of the 
notion of star operation, allowing D ^ D* (the definition is given in Section 
2); cf. also [311 and several recent papers, the classical construction 

introduced by Kronecker has been further generalized so that we can begin with any 
integral domain (not necessarily integrally closed) D and any semistar operation 
(not necessarily e.a.b.) ★ of I? and, in a natural manner, construct a Kronecker 
function ring, still denoted here by Kr(D,*) , which preserves the main properties 
of the "classical" Kronecker function ring (axiomatized by Halter-Koch , see also 
[H]), cf. the works by Okabe and Matsuda (43j, by Matsuda I2ZI, and by Fontana 
and Loper ^M- evidence of the "naturalness" of this construction is 

that this general Kronecker function ring gives rise to an e.a.b. semistar operation 
-ka (which can be "restricted" to an e.a.b. star operation, denoted by *a , of the 
integrally closed overring Z?*" of D) and then Kr(_D,*) can be viewed in the 
classical star e.a.b. setting by use of ★q (or, more precisely, by use of *a ). 

Another overring of D[X] which has been much studied is the Nagata ring of 
D, i.e. DiX) := {f/g \ f,ge D[X] and c{g) = D} , cf. ESI page 27], EOl 

page 18], EOl Section 33], EH Chapter IV]. The interest in D{X) is due to the fact 
that this ring has some "nice" properties that D itself need not have, mantaining 
in any case a strict relation with the ideal structure of D , (for instance, for each 
ideal / of £), we have ID{X) n D = I and D{X)/IdIx) ^ {D/ID){X)). 
Among the "new" properties acquired by D{X) we mention (a) the residue field at 
each maximal ideal of D{X) is infinite; (b) an ideal contained in a finite union of 
ideals is contained in one of them 03]; (c) each finitely generated locally principal 
ideal is principal 3. Furthermore, the canonical map Spec(Z)(X)) — > Spec(Z?) is a 
homeomorphism if and only if the integral closure of _D is a Priifer domain |H] . The 
relation between the Nagata ring and the Kronecker function ring was investigated 
by Arnold [J, by Gilmer and by Arnold and Brewer [2]. In particular, if 
b denotes the star operation of D defined on the fractionary ideals / of by 
/ I— > := n{/y I is a valuation overring of D} , then Arnold ^ Theorem 7] 
proved that D is a Priifer domain if and only if D{X) — Kr(_D, b) . 

A generalization of the Nagata ring construction was considered by Kang |30| . 
|31j : for each star operation * of D he studied the ring {f/g | /, <? G D[X] and 
c(fl')* = -D} . In particular, Kang proved that, mutatis mutandis, many properties 
of the "classical" Nagata ring still hold in this more general context. 

In the present paper we further generalize the previous construction so that, 
given any domain D and any semistar operation -k on D , we define the semistar 
Nagata ring as follows: 

Na(7^,*) := {f/g \ f,ge D[X] and cig)* = D*} . 
We then study the ideal structure of Na{D, *) and compare it to that of Kr(£), ★) . 
We also show how Na(il', *) gives rise to a very natural semistar operation, denoted 
by * , which plays a role analogous to that of the semistar operation -ka in the 
Kronecker setting. In the star operation case, * , coincides with the operation -k^ 
considered recently by D.D. Anderson and S.J. Cook j^. 

In Section 2 we give some background information concerning semistar opera- 
tions and some preliminary results concerning the class of quasi-*-ideals (i.e. ideals 
/ such that I* n D = I), a more general class than that of ★-ideals (i.e. ideals / 
such that /* ~ I), which plays an important role when ★ is a semistar operation. 
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In the third section we define and study the semistar Nagata rings. For instance, 
we show that there is a natural 1-1 correspondence between the maximal ideals 
of Na{D,-k) and the maximal elements in the set of all proper quasi-*-ideals of 
D ; in particular, the i-maximal ideals of an integral domain D are all obtained 
as contractions to D of the maximal ideals of Na(_D, v) . We prove also that 
Na(£',7k-) = Na,{D,i) . Furthermore, we show that there is a strict link between 
the semistar operation ★ , the maximal elements P in the set of all proper quasi- 
★-ideals of D and the valuation overrings of Dp . More precisely, if we say that 
a ★-valuation overring of _D is a valuation overring of D such that F* C FV for 
each finitely generated fractionary ideal F of D , then we show that a valuation 
overring V of D is a i-valuation overring of D if and only if V is an overring of 
Dp , for some P maximal in the set of all proper quasi-*~ideals of D . 

In the fourth section we recall from some results concerning Kr (!?,★) and 
-ka and examine the interplay with Na(Z3,*) and In particular, we show that 
each maximal element Q in the set of all proper quasi-*a-ideals of D is determined 
uniquely by a ★-valuation overring of D (dominating Dq ) and there is a natural 
1-1 correspondence between the maximal ideals of Kr(Z?,*) and the minimal 
valuation overrings of D . 

In the final section we examine more closely the relationship between ★ and -ka 
and we show that it is hopeless to try to attain an equality by applying (-) and 
(-)q in different orders to an arbitrary semistar operation. 

We use Gilmer's book as our main reference. Any unexplained material is as 
in |2(Jj and 32 . Many preliminary results on semistar operations and applications 
appear in conference proceedings (in particular, |17| and |18|'). and hence are not 
easily available. Because of this possible hindrance, we briefiy restate the principal 
definitions and statements of the main properties that we will need so that the 
present work will be self-contained. 

Note that the "module systems" approach, developed very recently by Halter-Koch 
in j26| . provides a general setting for (re)considering semistar operations and, in 
particular, many of the constructions related to the semistar operations considered 
in the present paper. However, since many background results of our paper are 
proved in an earlier work by Fontana and Huckaba 16 , which has inspired and 
provided the foundation also of we maintain the level of generality of this 
paper within the more classical "semistar" setting. 

2. Background and preliminary results 

For the duration of this paper D will represent an integral domain with quotient 
field K . Let F{D) represent the set of all nonzero i?-submodules of K . Let 
F{D) represent the nonzero fractionary ideals of D (i.e. E G F{D) such that 
dE C D for some nonzero element d G D). Finally, let f{D) represent the finitely 
generated D-submodules of K . 

A mapping ★ : F{D) —>■ F{D) , E i-^ E* is called a semistar operation of D if, 
for all z G K , z ^ and for all E,F E F{D) , the following properties hold: 

(★i) {zEY^zE*- 

(★2) EQF ^ E* CF*; 

(★3) E CE* and E** := (E*)* = E* . 

Remark 2.1. Let ★ be a semistar operation of D . 
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(a) If ★ is a scmistar operation sucli that D* = D , then the map ★ : F{D) 
F{D) , i? ^-> i?* , is called a star operation of D . Recall from [201 (32.1)] that a 
star operation ★ verifies the properties (^2) , (*3) , for all E,F € F{D) ; moreover, 
the property (^i) can be restated as follows: for each z ^ K , z ^ and for each 
E e F{D), 

(★★1) {zD)* = zD, (zE)* = zE* . 
If * is a semistar operation of D such that D* = D , then we will write often 
in the sequel that -k is a (semi) star operation of D ^ to emphasize the fact that 
the semistar operation ★ is an extension to F{D) of a "classical" star operation 
■k , i.e. a map ★ : F{D) — *■ F{D) , verifying the properties , (^2) and (★a) 

|2(J[ Section 32] . Note that not every semistar operation is an extension of a star 
operation T^, Remark 1.5 (b)]. 

(b) The trivial semistar operation on D is the semistar operation constant onto 
K , i.e. the semistar operation ★ such that E* — K , for each E G F{D) . Note 
that -k is the trivial semistar operation on D if and only if D* = K . (As a matter 
of fact, if D* — K , then for each E e F{D) and for each e £ i? , e 7^ , we have 
eDC E and thus K = eK ^ eD* C E* C K .) 

(c) Let D be an integral domain and T an overring of D . Let ★ be a semistar 
operation of D and define : F{T) — > F{T) by setting: 

E*"" := E* , for each E e F{T) (C F{D)) . 
Then, we know |17l Proposition 2.8]: 

(c.l) The operation is a semistar operation of T . 

(c.2) When T = D*, then defines a (semi)star operation of D* . 

(d) If *! and are two semistar operation of D , we say that *i < ^2 if 
c E*^ , for each E £ F{D) ; in this case, {E*^)*^ = E*^ . 

We refer to the collection F*{D) := {E* \ E e F{D)} [respectively, F*{D) := 
{/ e F{D) \ I ^ H* with H e F{D)} ; f*{D) := {J e F{D) \ J ^ F* with F e 
f{D)}] as the -k-D-suhmodules of K [respectively, the (fractionary) -k-ideals of 
D ; the (fractionary) -k-ideals of D of finite type]. 

These labels seem natural, but can be problematic. As a matter of fact, if 
/ G F{D) , then /* is not necessarily a fractionary ideal of D and so it does not 
necessarily belong to F*(D) (e.g. if (D :£>*)= 0, then D* ^ F*(D)). For 
instance if T is an overring of an integral domain D such that the conductor {D : 
T) ~ and if ★ :— ★{r} is the semistar operation of D defined by :— FT 

for each E e F{D), then it is easy to see that F*{D) is empty. So we need a 
more general notion than ★-ideal, when ★ is a semistar operation. 

Let /CD be a nonzero ideal of D and let ★ be a semistar operation on D . 
We say that / is a quasi-k-ideal of D if I* Ci D — F Similarly, we designate 
by quasi-k-prime [respectively, kc-prime ] of -D a quasi--*~ideal [respectively, an 
integral ^-ideal] of D which is also a prime ideal. We designate by quasi-k- 
maximal [respectively, k-maximal ] of a maximal element in the set of all 
proper quasi— *r-ideals [respectively, integral ★-ideals] of D . 

Note that if / C _D is a ^-ideal, it is also a quasi—*r-ideal and, when D — D* 
the notions of quasi-*-ideal and integral ★-ideal coincide. When D C D* C K , we 
can "restrict" the semistar operation ★ on _D to the nontrivial (semi)star operation 
on D* , denoted by , or simply by and defined in Ii.emark |2.1l (c). and we 
have a strict relation between the quasi-*-ideals of D and the ★-ideals of D* . 
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Lemma 2.2. Assume the notation of the preceding paragraph. Then: 

I is a quasi— k-ideal of D <^ I = L O D , where L C D* is a i-ideal of D* . 
Proof. The proof follows from I* n D C {I* n D)" D D C I** n D* n D = I* f) D. □ 

Note that this also gives a means of constructing quasi-*-ideals and, in particu- 
lar, quasi-*-ideals containing a given ideal. If / C D is a nonzero ideal of D, then 
I* n D is a quasi-*-ideal of D which contains /. 

We denote by Spec*(D) [respectively, Ma,x*{D); QSpec*(i:'); QMax'^(i:»)] the set of 
all T^-primes [respectively, ★-maximals; quasi-*-primes; quasi-*-maximals] of D . 

As in the classical star-operation setting, we associate to a semistar operation ★ 
of I? a new semistar operation ★/as follows. Let ★ be a semistar operation of a 
domain D. li E € F(D) we set E*f := \J{F* \ F C E, F G f{D)} . 
We call */ the semistar operation of finite type of D associated to t^. If * = , 
we say that * is a semistar operation of finite type of D . Note that */ < * and 
(★/)/=★/, so */ is a semistar operation of finite type of D . For instance, if v 
is the v-(semi)star operation on D defined by E"" := {E~^)~^ , for each E e F{D) , 
with E-^ {D -.k E) -.^ {z e K \ zE <Z D} [H Example 1.3 (c) and Proposition 
1.6 (5)], then the semistar operation of finite type Vf associated to v is called the 
t-(semi)star operation on D (in this case D"" — = D). 

Both the Kronecker function rings and the Nagata rings considered in the present 
paper are defined in a natural way for a general semistar operation. A principal 
theme of the paper is that both of these classes of rings can be recast as Kronceker 
function rings and Nagata rings of certain natural semistar operations of finite type. 
So the entire theory could be stated in terms of semistar operations of finite type. 
It seems worthwhile to us to keep the more general setting so that, for example, we 
can talk about the Kronecker function ring and the Nagata ring associated to the 
classical v operation (which is rarely of finite type) . 

Lemma 2.3. Let -k he a semistar operation of an integral domain D . Assume 
that -k is not trivial and that -k — -kf . Then 

(1) Each proper quasi— k-ideal is contained in a quasi-k-maximal. 

(2) Each quasi— k-maximal is a quasi— k-prime. 

(3) If Q is a quasi— k-maximal ideal of D then Q = AI n D , for some *- 
maximal ideal M of D* . 

(4) If L C D* is a kr-prime ideal of D* , then LO D is a quasi— k-prime ideal 
of D. 

(5) Set n* := {P e Spec(L') \ P ^ and P* n D ^ D} . 

Then QSpec*(I?) C 11"^ and the set of maximal elements of 11*, denoted 
by n* is nonempty and coincides with QMax*{D). 

Proof. The proof is straightforward. □ 

Note that, in general, the restriction to of a ^-maximal ideal of is a quasi- 
★-prime ideal of D , but not necessarily a quasi-*-maximal ideal of D , and if 
L is an ideal of D* and L n D is a quasi— *:-prime ideal of D , then L is not 
necessarily a -i— prime ideal of D*, (cf. the Remark l3. 6(1 . 

For the sake of simplicity, when -k — kcf , we will denote simply by Ai (k:) , the 
nonempty set 11*^,^ = QMax*(i:») . 

If A is a nonempty set of prime ideals of an integral domain D , then the 
semistar operation *a defined on D as follows 
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E""^ := n{EDp \ P e A} , for each E e F{D) , 
is called the spectral semistar operation associated to A . If A = , then we can 
extend the previous defintion by setting i?*" K , for each E G F{D) , i.e. 
is the trivial semistar operation on D (constant onto K ; cf. Remark |2. II fb)). 

Lemma 2.4. Let D be an integral domain and let A C Spec(£') . Then: 

(1) E-'^'Dp ^ EDp, for each E £ F{D) and for each P e A. 

(2) {E n py^ = E*^ n F*^, for aU E,P e F{D). 

(3) P*^ DD^ P, for each P € A. 

(4) If I is a nonzero integral ideal of D and D D D then there exists 
P € A such that I C P. 

(5) Assume that the set of maximal elements A^ax of A is also nonempty and 
that each P e A is contained in some Q e A^ax ■ Then: 

Proof: Lemma 4.1] and, for (5), 16, Remark 4.5]. □ 

A semistar operation ★ of an integral domain D is called a spectral semistar 
operation if there exists A C Spec(£') such that ★ — *a ■ We say that * posesses 
enough primes or that ★ is a quasi- spectral semistar operation of D if, for each 
nonzero ideal I oi D such that I* D D ^ D , there exists a quasi-*-prime P of 
D such that I ^ P . Finally, we say that ★ is a stable semistar operation on D 
if {E n Py = E* n F*, for aUP, F e F{D) . 

Lemma 2.5. Let -k he a nontrivial semistar operation of an integral domain D. 

(1) ★ is spectral if and only if ★ is quasi-spectral and stable. 

(2) Assume that * = . Then * is quasi-spectral and Ai{*) ^ . 

Proof. (1) The "only if part is a consequence of Lemma l2.4l f2') and (4). The "if 
part is proved in |16[ Theorem 4.12 (3)]. (2) is a restatement of Lemma 1^31 □ 

If ★ is a semistar operation of an integral domain D and if 11* 7^ , the nontrivial 
semistar operation 

is called the spectral semistar operation associated to ★ . 

Lemma 2.6. Let * be a nontrivial semistar operation. 

(1) -k is spectral if and only if * = -kgp . 

(2) Assume that H* ^ . Then the following statements are equivalent: 
(i) -ksp < ★ ; 

(ii) * is quasi-spectral; 

(iii) E* = r]{E*Dp I Pen*}, for each E e F{D) . 
Proof (1) Corollary 4.10]; (2) [H Proposition 4.8]. □ 

Corollary 2.7. Let -k be a nontrivial semistar operation. Set 

* {*f)sp ■ 

(1) ★ = *7V((*j) *f (in particular, i is not trivial). 

(2) For each E G F{D) , 

(a) E*f =n{E*fDQ I QeM{kf)}; 

(b) E* ^n{EDQ 1 QeM{kf )}. 

Proof. (1) is a consequence of Lemma 12.51 fl^. Lemma [2.41 (51. Lemma [2.61 (2) and 
Lemma|01(3). (2). The first equahty follows from Lemma IT^ (2) ((ii) (iii)). 
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Lemma [2.51 (1^ and Lemma|^l(3). The second equality follows from (1) and from 
the definition of spectral semistar operation. □ 

Remark 2.8. (a) Note that, when * is the (semi)star ?;~operation, then the (semi)- 

star operation v coincides with the (semi) star operation w defined as follows: 
E"" := U{{E : H) \ H e f{D) and H"" = D} , for each E £ F{D) . 

This (semi)star operation was first considered by J. Hedstrom and E. Houston in 

1980 Tf, Section 3] under the name of Foo^operation. Later, starting in 1997, this 

operation was intensively studied by W. Fanggui and R. McCasland (cf. |13j . 

|14j . |15| . ) under the name of w-operation. Note also that the notion of w-ideal 

coincides with the notion of semi-divisorial ideal considered by S. Glaz and W. 

Vasconcelos in 1977 ^22_. Finally, in 2000, for each (semi)star operation D.D. 

Anderson and S.J. Cook ^ considered the ★uj-operation which can be defined as 

follows: 

E*-' := U{{E : H) \ H e f{D) and H* = D} , for each E £ F{D) . 
From their theory it follows that -k^^ — i 4, Corollary 2.10]. The relation between 
i and the localizing systems of ideals was established in |16| . 

(b) If A is a nonempty quasi-compact subset of Spec(-D) , then *a = (*a)/ 
and X(*a) = A„,ax, USl Proposition 4.3 (B)]. 

The collection of all quasi-*-ideals of a domain D , associated to a given semistar 
operation can be an unwieldy object. We now turn to the use of ultrafilters to 
gain some control over this collection. A similar course was followed in [H] for the 
special case of the t-operation. We generalize the results given there. We begin 
with some notation/terminology/definitions. 

• Let D he a domain and let J' = J{h.) {Jx \ A £ A} be a collection of 
ideals of D. 

• Let U = U{K) be an ultrafilter on the index set A given above. 

• For / C £) let B{I) := {A £ A | / C J^} . 

• Let Ju := {d £ D \ B{d) e U} , more explicitly Ju = Ll{ n {Jx \ A G 
B} I B E U } . We call Ju the U -ultrafilter limit of the collection J . 

Proposition 2.9. Assurae the notation/terminology/definitions given above. As- 
sume also that ★ is a star operation on D and that each Jx ^ J is a -kf -ideal 
[respectively, -kf -prime] of D . If Jjj is nonzero, then it is also a kf -ideal [respec- 
tively, kf -prime] of D . 

Proof. The proof is the same as that given in 9, Proposition 2.5] with the t- 
operation replaced by * an arbitrary star operation of finite type. The "prime 
ideal part" of the statement follows from Lemma 2.4]. □ 

Corollary 2.10. Generalize the setting of Proposition \2.yi to the case where ★ 
is a semistar operation and each Jx & is a proper quasi— kf -ideal [respectively, 
quasi— kf -prime] of D . If Ju is nonzero, then it is also a proper quasi— kf -ideal 
[respectively, quasi-kf -prime] of D. 

Proof. For ease of notation we set *:=★/. As noted in Lemma f2. 21 the quasi- 
*-ideals of D are precisely the contractions to D of the *-ideals of D* (where * 
is a (semi)star operation on the domain D*l defined in Remark l2.1l fc')'). The result 
follows easily by using Proposition 12 .91 and Lemma [2.31 □ 
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3. Semistar Nag ATA Rings 

If i? is a ring and X an indeterminate over R , then the ring: 
R{X) := {f/g I /,g e R[X] and c{g) = R} 
is called the Nagata ring of R \20i Proposition 33.1]. Some results proved in [311 
Proposition 2.1] are generalized in the following: 

Proposition 3.1. Let ★ be a nontrivial semistar operation of an integral domain 
D . Set iVW := Nd{*) := {h G D[X] \ h^O and c{h)* = D*} . 

(1) N{-k) = N{-kf) is a saturated nmltiplicatively closed subset of D[X] . 

(2) iV(*) = D[X] \ U{Q[X] I Q G M{*f)} . 

(3) Max(D[X]^(,)) = {Q[XUi.) \ Q £ M{*f)} . 

(4) D[X]^(,) = n{DQiX) I Q G M{*f)} . 

(5) A4{-kf) coincides with the canonical image in Spec(I?) of the maximal 
spectrum of D[X]n(^^,) ; i.e. = {M nD\ Me Max{D[X]j^^^-^)} . 

Proof. (1) It is obvious that iV(7k-) = N{-kf) ; the remaining part is a standard 
consequence of (2) |23 Theorem 2]. 

(2) We start by proving the following: 

Claim: Let heD[X],h^Q. Then: 

c{h)* = D* ^ c{h) g Q , for each QeM[-kf). 

(^) If c{hY ^ D*, then c{h) C c(/i)* nD C D. Since c{h)*f nD = 
c{h)* n Z? is a proper quasi~7*r-ideal of D , we can find Q G A^(*/) such that 
c{h) C c{h)* n D C Q (Lemma 12.31 fl)). This fact contradicts the assumption. 

(=>) is trivial. 
Using the claim, we have: 

h G 7V(*) ^ c{h)* = £>* ^ c{h) 2 Q , for each Q G ^ 

^ 2 Q[X] , for each Q G . 

(3) By using |2()l (4.7) and Proposition 4.8], it is sufficient to show that each 
prime ideal H of D[X] contained inside U{Q[X] | Q G -Mi*/)} is contained in 
Q[X] , for some Q G M{*f) . Let c{H) be the ideal generated by {c{h) \ h G H} . 
It is easy to see that c{H) is an ideal of D and that: 

H C U{Q[X] I Q G M{*f)} => c{Hys ^ D*f = D* . 

As a matter of fact, if c{H)*f — D* , then we can find a polynomial £ G c{H)[X] 
such that c[tY = c{£)*f = D* . Now, 

e G c{hi)[X] + c{h2)[X] + ...+ c{hr)[X] = (C{hi) + C(h2) + ...+ c{hr))[X] 

with (/ii, /i2, ...,hr)CH. Since c{hi) + c(/i2) + . . . + c{hr) C c(i/) and c(i/) 
is an ideal of D , then c{hi) + 0(^,2) + . . . + c{hr) ~ c{h) , for some h G H . 
Therefore c{£) C c{h) and thus c(£)* = c{h)* — D* . This is a contradiction, since 
h £ H and thus c(/i)'* = C Q , for some Q S M{*f ) . By the fact that 

c{H)*f 7^ we deduce that c{H) C Q , for some Q G A1(*/) . This implies 
that H C Q[X] , for some Q G M{*f) . 

(4) and (5) are easy consequences of (3), since: 

(cf. also Corollary 5.3 and Proposition 33.1]). □ 
We set: 
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and we call it the Nagata ring of D with respect to the semistar operation ★ . 
Obviously, Na(D,7k-) = Na(D,*y) . If ★ = c? is the identity (semi)star operation of 
D, then m{D,d) = D{X) . 

Corollary 3.2. Let D be an integral domain, then: 

Q is a maximal t-ideal of D <^ Q — M D D , for someM S Max(Na(£', v)) . 

Proof. It is a straightforward consequence of Proposition 13. II (B). □ 

Example 3.3. (1) Let P be a nonzero prime ideal of an integral domain D and 
let ★ *{_Dp} be the semistar operation of D defined as follows: 

E*f^pi ■= EDp , for each E G F{D) . 
Then, it is easy to verify that: 

(a) Mi*f) = {P}; 

(b) Na(I?,*) = i?p(X); 

(c) ★ = = -ksp = i . 

(2) The previous example can be generalized as follows. Let D be an integral 
domain, let A be a nonempty subset of Spec(il') and set * := ★a ■ Lst A^ax be 
the set of all the maximal elements of A and let 

A^ := {H e Spcc(i:i) \ H CP, for some P G A} . 
Assume that each P G A is contained in some Q G Amax • Then, under the 
previous assumptions, -k = *Amax (Lemma \2A\ (5)) and moreover: 

(a) A C QSpec*(P') C A^ , thus QMax'^(P)) = A^ax ■ 

Assume also that A^ax is a quasi-compact subspace of Spec(P'). Then: 

(b) Na(^D,*A) - n{DQ{X) I Q e A^ax} = n{Dp{X) I P G A} . 

(c) (*a) = *A • 

Proof, (a) If P G A , then P* = P*^ = PDp n ( r\{Dp, \ P' A , P' <l P}) = 
PDpH D*^ , and so P C P* n £) C PDp n D*'^ nD = PDpDD = P . This shows 
that A C QSpec*(P») . Let H e QSpec*{D) . Then H* ^ D* and so, for some 
P G A, HDp = H*Dp C PDp ^ Dp, (of. also Lemma O (I))- Henceforth, 
H C HDp DD C PDp n P» = P . 

(b) If A,„ax is quasi-compact, then ★ = ★a = ^A^ax = (*Amax)/ = */ : 
[Bl Corollary 4.6 (2)] and so, by (a) and Lemma 0(3), A,^ax = A^((*a)/) = 
QMa.x*f{D) = QMax*(D) . The conclusion follows from Proposition lO (4). 

(c) Since *a — (*a)/ and A^ax = A^((*a)/) fRemark 12.81 (h)). then we con- 
clude by Corollary [^T| and Lemma |^SI(cf- also Lemma l2.4l fl)). □ 

Proposition 3.4. Let ★ be a nontrivial semistar operation of an integral domain 
D with quotient field K . Let i := (*/)sp be the spectral semistar operation 
considered in Corollarv \2. 71 For each E G F{D) , we have: 

(1) SNa(i?,*) = r\{EDQ{X) I Q G A^(*/)} . 

(2) E^a.{D,-k)r\K = f^{EDQ\ QgA1(*/)}. 

(3) E* = ENa{D, ★) n X , hence if E = E* , then E = E^a.{D, ★) n /sT . 

(4) If -k = -kf , then i — ★sp , hence D*=f = □{Dq | Q G , and -ksp is 
a semistar operation of finite type. 
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Proof. (1) By Proposition 13. II (^) and _8, Chapitre 2, Corollaire 3, p. 112] (see 
also the proof of Proposition 13. II (4:)). we have: 

ENaiD,*) = n{(SI?[X]jvM)M | M e Max(£)[X]w(,)} = 

= n {ed[X]qix] I Q e Mi^f)} - n{EDQ{x) \ Q e Mi^f)} . 

(2) By using (1) and [23 Proposition 33.1 (4)], we have: 

ed[x]n^,^ nK = n{EDQ{x) \ q e A^(*/)} n k = 
= n{EDQ{x)nK \ Qe = 
- n{EDQ I Q e M{*f)}. 

(3) From CorollarvIO (2) we know that E* = n{EDQ \ Q G 7W(*/)} , thus the 
first statement of (3) is a straightforward consequence of (2). Since * < */ < * 
(Corollary O (1)), then obviously li E = E* , then E = E* and thus E = 
ENniD, *)nK. 

For a direct proof of the second statement of (3), it is enough to show that, if 
z e E'Nsi{D, *)nK , then zeE. Let g, he D[X] with h^O, c{h)* = D* and 
zh^g. Then c{g)* = c(z/i)^ = zc(/i)* = zD* = (zD)* C E* ^ E . 

(4) follows directely from the definitions, |161 Proposition 3.2] and from (2) and 
(3). □ 

Corollary 3.5. Let ★ be a nontrivial semistar operation of an integral domain 
D , let i be the semistar operation of D considered in Corollary \2.7\ and let 
~-k (:= ) he the (semi)star operation of D* associated to i fE,emark \2.1\) . 

(1) (*)/ - (*)sp - 

(2) M{*f)=M{i). 

(3) Na(i:),*) = Na(D,*) = Na(D^,*) . 

Proof. (1) follows easily from Proposition |^| (4) and Lemma [2. 61 

(2) Let Q e A^(*/). Then Q*f n D = Q . Since ★ < */ (Corollary E7|(l)), 
then necessarily Q* O D — Q . By (1) we know that ★ is a semistar operation of 
finite type. Hence we know that the quasi-i-ideal Q of _D is contained in some 
HeM{i) (Lemma|231(l))- 

Conversely, let H e M{i) . Then H = H* D D = n{HDQ \ Q e M{*f)}nD 
(Corollary[^|(2)). In particular, we have HDq ^ Dq for some Q S A^(*/) , since 
otherwise H* (1 D would be equal to D . Therefore, H ^ H* (1 D C HDq n D C 
QDq n D = Q , for some Q G M{-*f) . 

By the previous properties, we deduce immediately that M{*f ) — M{i) . 

(3) Since, from (1), we know that ★ is a semistar operation of finite type, then, 
by Proposition 0(4), Na(D,*) = n{DH{X) \ H G M{i)} . Since, by (2), we 
know that M{*) = M{-kf) , then we have Na(L',*) = Na(D,*/) = Na,{D,-k) . 

Claim. M{i) = {QDq n D* \ Qe 7W(*/)} . 

If M G Mi*), then M = M* = M* ^ DIMDq \ Q G Mi*) = A4(*/)}, 
hence MDq ^ Dq , thus M C QDq n D* , for some Q £ Mi*f) . On the other 
hand, it is easy to verify that QDq n D* is a i-ideal of D* fLemma l2.2|l . hence 
the claim is proved. 

The last equality in (3) is a straightforward consequence of Proposition l3.1l (4). 
of the Claim and of the fact that -DJ,^ = Dq , for each Q G A^(*/) . □ 



11 



Remark 3.6. Let * be a nontrivial semistar operation of an integral domain 
D , let ★ be the semistar operation considered in Corollary 12.71 and let ★ :— 

.n* r ~D* 

★ [respectively, * := i ] be the (semi) star operation of D* associated to * 
[respectively, ★ ] and defined in Remark l2. II (c) [respectively, Corollarv l2.7) . Then, 
in general, tie semistar Nagata ring Na{D, *) — Na(£', ★) is different from the star 
Nagata ring Na.{D*,*) = Na.{D*,i) . 

Let L be a field and X, Y, U, and Z indeterminates over L . Set: 
V := L{X)[Y](^Y) = LiX) + M , M := YL{X)[Y](^y) , R := L + M . 

It is well known that R and V are 1-dimensional local domains with the same 
field of quotients F := L{X, Y) , with the same set of prime ideals {(0), A/} , and 
moreover V is a discrete valuation domain, dim(l^[t/]) = 2 and dim(i?[J7]) = 3. 
The last property follows from the fact that in R[U] we have the following inclusions 
of prime ideals: 

(0) c Qi := (U - X)F[U] n R[U] = {YU - YX)F[U] n R[U] C 
C Q2 M[U] C Q3 := (M, U)R[U] , 

but, a similar inclusion docs not hold in V^[C/] : 

(0) C Pi := {U - X)F[U] n V[U] = {U- X)V[U] % Af[[/] ; 
in fact, more generally, no height 1 prime ideal P of 1^[C/] , with P n = (0) , is 
contained in Af[C/] 32, Theorem 39, Theorem 68; Exercise 18, page 42]. 

Set D :— R{U) , T := V{U) , and let ★ := *{t} be the semistar operation 
of D considered in Remark |2. II (d). Since all the prime ideals of D [respectively, 
of T], different from (0) and Af[C/] , are of the type fF[U] Ci D [respectively, 
fF[U]nT], where f e F[U] is irreducible |S3 Theorem 36], then it follows that 
the canonical map Spec(T) — > Spec(D) is a bijection. From this fact we deduce 
immediately that — Max(D) , and, hence, that i = do , where do is the 

identity (semi)star operation of D . 

Note that, in the present situation, D* = T and it is obvious that ★ coincides 
with dx , where cZt is the identity (semi)star operation of T , and hence i — d]j = 
dx ■ We deduce that M{i) = M{i) — Max(r) and, obviously, that dr — dr- 

Furthermore, note that PiT is a maximal ideal of T (because Pi 2 M\U] C 
V[U] ), but PiTnD = QiD is not maximal in D (because Qi C M[U] C R[U] ). 
Therefore the statement in Lemma 12.31 (3) is not reversible. Note also that this 
example shows that (QiD)* = QiT C P^T (because QiV[U] = [YU-YX)V[U] C 
Pi = ([/ - X)V[U] ) and so [QiD)* is not a .k-prime of D* T, even though 
{QiD)* nD = QiD is a quasi-*-prime oi D ; so also the statement in Lemma IT!^ 
(4) is not reversible. 

Finally note that: 

Na(£', ★) = N£i{D, i) = Na(D*, ★) = Na(i:», do) = D{Z) C 
C Na(£i*, ★) = Na(D*, X) = Na(T, dr) = T{Z) . 

Corollary 3.7. Let ★ be a semistar operation of an integral domain D . Assume 
that n* ^ and that -k is quasi-spectral. Then: 

Na(D,7k-) = Na(i:),*,.p) = Na,{D,i) . 

Proof. Under the present assumptions, we can define the nontrivial semistar opera- 
tion -ksp and we have that ★ = (*/)sp < *sp < * , fLemma |2.6l (2^ and Corollarv l2.7|l . 
Since it is easy to see that *! < ^2 implies that Na(_D,7k-i) C Na(Z?,*2) , then the 
conclusion follows immediately from Corollarv l3.5l (3). □ 
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The content of Proposition|^2(5) is that, when the maxhiial ideals of Na(I?,Tk-) 
are contracted to D , the resuh is exactly the prime ideals of D in A4{-kf) . We 
now prove that this result can be reversed: the maximal ideals of Na(Z3,7kr) can be 
obtained by extending to Na,{D,-k) the prime ideals of D in Ai{*f). In particular: 

Theorem 3.8. Let ★ be a semistar operation of an integral domain D . Then 
Max(Na(i:»,*)) {QDq{X) nNa{D,i.) \ Q e 

Proof. Proposition 13.11 f3) indicates that the maximal ideals of Na(£',*) are 
exactly the ideals of the set {(3[X]jv(^) | Q S . The result follows easily 

since these ideals are maximal in Na(Z),*) and are each contained in an ideal of 
the form QDq{X) , where Q £ M{-kf ) . □ 

Note that the previous result indicates a strong similarity between the Nagata 
rings and the Kronecker function rings associated to a given semistar operation. 
In particular, the maximal spectrum of each ring consists of restrictions of the 
maximal ideals of local overrings of the form R{X) where i? is a local overring of 
D (cf. Theorem l3 . 8l and 17, Theorem 3.5]). The difference is that, in the Kronecker 
case, the overrings R are valuation overrings of D and, in the Nagata case, they 
are localizations of D at certain prime ideals. This is perhaps an indication that 
the Nagata and Kronecker constructions are actually each special cases of a more 
general construction involving more general classes of overrings. 

We now turn our attention to the question of valuation overrings. The notion 
that we recall next is due to P. Jaffard [2^1 (cf- also [321, I2H1> QHj)' For a domain 
D and a semistar operation * on Z) , we say that a valuation overring y of Z? is a 
-k-valuation overring of D provided F* C FV , for each F € f{D) . Note that, by 
definition the ★-valuation overrings coincide with the ★j-valuation overrings; by 
|18l Proposition 3.3] the ★-valuation overrings also coincide with the ★o-valuation 
overrings. 

Theorem 3.9. Let D be a domain and let ★ be a semistar operation on D . A 
valuation overring V of D is a i-valuation overring of D if and only if V is an 
overring of Dp , for some P ^ M.{-k f) . 

Proof. To avoid the trivial case, we assume that V ^ K . First suppose that V 
is a valuation overring of Dp , for some P S ^^(★/) . It is clear from the definition 
of ★ that y is a ★-valuation overring of D . 

Now assume that y is a i-valuation overring of D . Let M be the maximal 
ideal of V and let P := M HD . We need to show that P is contained in a prime 
Q £ M{-*:f) . We consider two cases. 

Case 1. Suppose that there is a finitely generated ideal J oi D contained in 
P such that J g Q , for each Q e >!(★/) . Then J* = n{ JDq | Q G M{*f)} 
n{DQ I Q e >!(★/)} = D* . However, JV C PV is a proper ideal of V and so 
cannot contain J* . This contradicts our assumption that V was a ★—valuation 
overring of D . We conclude that no such ideal J can exist. 

Case 2. Suppose that every finitely generated ideal J which is contained in 
P is also contained in some ideal Q S M{-kf ) . Let = {Q\ \ A G A} . 

Note that, by assumption, for any finitely generated ideal J P , the set B{J) :— 
{A G A I J C Qx} is not empty. Let U be an ultrafilter on A which contains 
each set B{J) , where J runs through the finitely generated ideals contained in 
P . Such an ultrafilter exists because the intersection of any finite collection of 
sets {B{Ji), B{J2), . . . , B{Jn)} is simply B{Ji + J2 + . . . + Jn) and so must be 
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nonempty. Then the ultrafilter hmit ideal Qu of the coUection of prime ideals 
A4{-kf) must be a ★/ -prime (Proposition and it also clearly contains P . This 
completes the proof. □ 



14 



4. Semistar Kronecker function rings 

Let * be a semistar operation on an integral domain D . We say that -k is an 
e.a.b. (endlich arithmetisch brauchbar) semistar operation of D if, for all E, F,G G 
f{D) , {EPy C (EG)* implies that F* C G* , jXTj Definition 2.3 and Lemma 
2.7]. 

It is possible to associate to any semistar operation ★ of D an e.a.b. semistar 
operation of finite type -ka oi D , defined as follows: 

F*- ■.= U{i{FHy : H*) \ H e f{D)} , for each F_e /(Z?) ; 
E*- U{F*" I F C F e /(£>)}, for each F € Fp) . 

The semistar operation -ka is called the e.a.b. semistar operation associated to * 
|16[ Definition 4.4]. Note the previous construction is essentially due to P. Jaffard 
(cf- also F. Halter-Koch Note that is integrally closed and contains 

the integral closure of £> in if ^1 Proposition 4.5] (cf. also [^H] QH]; and 
|18|). When ★ = w, then D"" coincides with the pseudo- integral closure of D 
introduced by D.F. Anderson, Houston and ZafruUah [7]. 

If ★ is a semistar operation of an integral domain D , then we call the Kronecker 
function ring of D with respect to ★ the following domain: 

Kr(F>, *) := {f / g \ f,ge D[X] \ {0} and there exists heD[X]\ {0} 
such that {c{f )c{h)y C {c{g)c{h)Y } U {0}} , 

[m Theorem 5.1] (cL also |2S1, |SZ1 and gSI). 

In the following statement we collect some of the main properties related to the 
Kronecker function ring of an integral domain with respect to a semistar operation 
(cf. ^1 Proposition 3.3, Theorem 3.11, Proposition 4.5, Theorem 5.1 and the proof 
of Corollary 5.2]). 

Proposition 4.1. Let k be a semistar operation of an integral domain D with 
quotient Geld K , let k^, be the e.a.b. semistar operation of D associated to ★ 
and let ia {— ° ) (semi)star operation of D*"^ associated to -ka and 

defined in Remark \2.1\ (c). Then: 

(1) 

(2) KTiD,k) = KTiD,kf) = Kr(Z?,*,) = Kr(Z?*»,i„) . 

(3) KT{D,k) is a Bezout domain with quotient field K{X) . 

(4) Na(i:),*) C Kr(F),*) . 

(5) F*" = FKr(F), k) n K , for each E e F{D) . □ 

Remark 4.2. Note that if ★ is not the trivial semistar operation, then -ka is also 
different from the trivial semistar operation. As a matter of fact, if D* ^ K , then 
D*- = U{(iJ* : H*) \ H e f{D)} ^ K. Otherwise (H* : H*) would be equal to 
K , for some H e f{F>) and H C D . This implies easily that — K and this 
contradicts the assumption that D* ^ K . 

Theorem 4.3. Let k be a nontrivial semistar operation of an integral domain 
D . Assume that k = -kf . Let ka be the e.a.b. semistar operation of finite type 
canonically associated to k . 

(1) Let {W,N) be a nontrivial valuation overring of Kr{D,k) . Set Nq :— 
NnD and let Ni -.^ N n D[X] . Then: 
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(a) A^i ^ No[X], Nn Na{D,i.) = NoNsi{D,-k) = 7ViNa(£i,*) and N n 
Na(D,*a) = NQ^iD.^a) = iViNa(D,*a) 

(b) A^o a quasi— ka~pi'iine ideal (in particular, a quasi— k-prime ideal) of 
D. 

(2) If P is a quasi— ka-prime ideal of D , then there exists a quasi— ka-maximal 
ideal Q of D and a valuation averring {W,N) of Kr{D,-k) such that 
PCQ = NnD. 

(3) A4{-ka) is contained in the canonical image in D of Max(Kr(£', *)) . 

(4) For each Q G A4{-ka) , there exists a -k-valuation averring {V, M) of D 
dominating Dq . 

Proof. As usual, we denote by K the field of fractions of Z? . It is obvious that: 
(1, a) A^o[^] CNi=Nr] D[X] , and if / := /o + /iX + . . . + frX"- eNn D[X] , 
then c(/)Kr(I?,*) = fKv{D,*) C N QJj Theorem 3.11 (2) and Theorem 5.1 (2)]. 
Therefore, fi € N n D = Nq , tor each i with < i < r . This fact implies that 
f&No[X]. 

Since Na(£),*) (and Na(D,*a)) is a ring of fractions of D[X] and iVo[X] — 
Ni = N n D[X] , we have immediately that iVoNa(D,*) = Ni^a,{D,*) = N n 
Na(£), ★) and 7VoNa(D, = iViNa(D, i.^) ^ N D Na(D, *a) ■ 

(1, b) RecaU that Na(£),*a) C Kr(D,*a) = Kr(D,*) and TVq" = NoKr{D,i.) n 
K, (Proposition im (2), (4) and (5)). Since iVoKr(D,*) C TV n &(!),★) , then 
TVq" C TV n Kr(D,*) n K =^ N n D*- , (Proposition O (5)). Thus TVq" n Z) C 
N n D*" r\D — NnD = No, i.e. Nq is a quasi-^Q-prime ideal of D . Since 
* = *f < (Proposition ^3 (1)) then, in particular, TVq is also a quasi-*-prime 
ideal of D . 

(2) Each quasi-*a~ideal of D , like P , is contained in a quasi-Tk-Q-maximal 
ideal Q of D f Lemma 12.31 (1)). In particular, we have P Q Q = Q*'^ H D = 
QKt{D,*) n K n D ^ QKr (£»,★) n D. Since Q*' n D ^ D, then necessa- 
rily QKi-{D,-k) ^ Kr{D,-k). Therefore there exists a maximal ideal of Kr(D,7k-) 
containing QKi{D,-k) or, equivalently, a valuation overring {W,N) of Kr(I?,*) 
with center in Kr{D,-k) containing QKr{D,-k) . By (1, b), TV n 13 is a quasi-*a- 
prime ideal of D . Since it contains Q , by the maximality of Q , we deduce that 
Q = NnD. 

(3) Since Kr(£',*) is a Bezout domain (Proposition ^3 (3)) then the maxi- 
mal spectrum of Kr(Z3,*) is described by the centers in Kr(£',*) of the minimal 
valuation overrings of Kr(D,*) . The conclusion follows immediately from (2). 

(4) Recall that if y is a ★-valuation overring of D , the map V V{X) (where 
V{X) is the trivial extension of V into K{X) [201 page 218]) defines an order 
preserving bijection between the set of all the ★-valuation overrings of D and the 
set of all the valuation overrings of Kr(D, ★) |18[ Theorem 3.5]. Therefore, by (3), if 
Q E M{*a) , we can find a (minimal) valuation overring {W,N) of Kr(I3,*) such 
that NnD ^Q. Then, we can consider V -.^WnK and M ■.=^ N (iK = N nV . 
By the previous remark, y is a ★-valuation overring of D and its maximal ideal 
M is such that MnD = Q . Hence, {V, M) dominates Dq . □ 

Corollary 4.4. Let ★ be a nontrivial semistar operation of an integral domain D . 
Assume that ★ is an e.a.b. semistar operation of finite type with D — D* . Then 
each -k~maximal ideal of D is the center in D of a minimal -k-valuation overring 
of D. 
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Proof. In the present situation, we have Ai{*a) ~ Max*(Z?) . The conclusion 
follows easily from Theorem 14.31 (?>) and (4). □ 

Corollary 4.5. Let * be a nontrivial semistar operation of an integral domain D . 
Assume that -k — -kf . Then: 

(1) ★ < (★„) = {-ka)sp < *Q and < ★q . 

(2) Na(£),*) = Na(D,*) C Na(D, = Na(i:i,*a) C ^Kr{D,*). 

(3) N&Id, *) = Nalp, i) C Na(D, C Kr(£), {i)a) = Kr{D, i) C Kr(Li, *) . 

(4) For each E e TiD) , 

(a) = ENaiD, *a) n K { D £;Na(D, ★) n if ; 

(b) = EKiiD,i) nK {C EKiiD,*) D K ^ E*- ) . 

Proof. (1) follows trivially from the fact that if *! and ^2 are two semistar 
operations of finite type, then *! < ^2 implies that (*i)sp = *i < *2 = (*2)sp , 
and from Corollarv l2.7l (1) and Proposition 14. II (1). 

(2) and (3) are consequences of Corollarv l3.5l (^) and of Proposition EtI (2). 

(4) follows from Proposition l3.4l f3l and Proposition^^ (5). □ 



5. The semistar operations ★ and *a 

In this section we consider more closely the two operations which are naturally 
associated with the semistar Nagata rings and the semistar Kronecker function 
rings: 

i associated with Na(£',*) and *a associated with Kr{D,-k). 

An elementary first question to ask is whether the two semistar operations are 
actually the same - or usually the same - or rarely the same. Theorem 13 . 91 indicates 
that for a semistar operation Tkr on a domain D , the ★-valuation overrings of D 
are all the valuation overrings of the localizations of D at the primes in Ai{-kf) . 
On the other hand, jl8, Proposition 3.3 and Theorem 3.5] indicates that the -ka- 
valuation overrings (or, equivalently, the ^-valuation overrings) of D correspond 
exactly to the valuation overrings of the Kronecker function ring Kr(Z),*) . It is 
easy to imagine that these two collections of valuation domains can frequently be 
different. We consider several different examples. 

Example 5.1. A (semi)star operation -k of an integral domain D such that i ^ 
-ka , but the i-valuation overrings coincide with the *Q-vaiuation overrings (and so 
Kr(D,*) = Kr(£),*„) = Kr(D,*), llTj Corollary 3.8] and [El Theorem 3.5]). 

Let L be a field and let D be the localization L[X, Y]m of the polynomial ring 
L[X, y] at the maximal ideal M := {X,Y) . Let * := d be the identity (semi)star 
operation on D (defined by E"^ :— E , for all E g F{D) ). Clearly, -kf = d — and 
every prime ideal of 13 is a Tk-y-prime. It follows that i = -k = d fCorollarv l2.7l (2. 
b)). On the other hand, note that in general: 

Claim. For each integral domain D, the e.a.b. semistar operation da associated 
to the identity (semi)star operation d of D coincides with the (semi)star operation 
b defined, for each E G F{D), by E'' := r\{EV \ V is a valuation overring of D] . 
The claim follows from Proposition l4.1l (5) and (18t Theorem 3.5], since: 

E"^- ^ EKr{D, d) n K = r\{EV{X) | F is a valuation overring of 13} n if = 
— r\{EV \V is a valuation overring of D} — E^ . 
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Note that d b = da in D (otherwise D would be a Priifer domain by 1201 
Theorem 24.7]), hence ★ = d is not e.a.b. ^| Proposition 4.5 (5)] and so ★ {— 
-k = d) ^ -ka {= da = b) . Moreover, every valuation overring of D is (obviously) 
a i-valuation overring and also (by the claim) every valuation overring of D is 
a *a~valuation overring of D . Therefore, * and Tk-^ are different, but have the 
same collection of "associated" valuation overrings. Finally, observe that, for the 
particular ★ we are considering here, we have (using a "new" indeterminate Z): 

Na(D, 7^) = Na(£i, *) = Na(i:i, d) = D{Z) C 

C Kr(D, ★) = Kr(D, ★) ^ Kr(D, ^a) = Kr(D, d) = 

= r\{V{Z) I y is an overring oiD} . □ 

We noted in the preceding example that although ★ and -ka were different, 
nevertheless, the collection of the i-valuation overrings of D coincides with the 
collection of the *a-valuation overrings of D . The next example displays wider 
differences between the two operations. 

Example 5.2. A (semi)star operation ★ of an integral domain D such that i ^ 
*a 7 the ★a-va7uatioj3 overrings form a proper subset of the set of i-valuation 
overrings, but i = {-ka) . 

Let L and D be as in ExamDle l5.1l Let N := AID denote the maximal ideal of 
D . For each irreducible polynomial f ^ M , let Wf :— L[X, — D{f) ■ Then 
Wf is a DVR overring of D . Let Vx be the two dimensional valuation overring 
of D with maximal ideal generated by Y and with Wx — L[X,Y](^x) as a one 
dimensional (valuation) overring, i.e. 

Vx:=L[Y\y)+XL[X,Y]^^x) {^Wx). 
We consider the following family of valuation overrings of D : 

yV {Wf \ f eM, f y^X, f irreducible in L[X, Y]} U {Vx} 
and we define a semistar operation ★ := ^vv of D by setting E* := r\{EW \ 
W € yV} for all E G F{D) . It is well known that ★vv is an e.a.b. (in fact, a.b.) 
semistar operation of D and the Kronecker function ring associated with ★ (in the 
"new" variable Z) is then Kr(D,*) ^ r\{W{Z) | e W} TH', Corollary 3.8]. We 
claim that: 

Claim. The maximal ideals of Kr{D,-k) are exactly the centers of the maximal 
ideals of the valuation domains W{Z) , when W € W . 

To prove the claim note that, from the fact that Kr(£',*) is a Priifer (in fact, 
Bezout) domain (Proposition 14.11 (3)) and from ^| Theorem 3.5], there exists 
a canonical bijection between the maximal ideals of Kr(£',*) and the valuation 
overrings of Kr(Z3, Tkr) of the type V{Z), where V is a minimal ★-valuation overring 
of D (cf. also 10 ). Moreover observe that, by definition, each W £ W is a 7k— 
valuation overring and that the intersection n{iy(Z) | W S W} is irredundant, 
i.e., if any one of the valuation domains W was omitted, the intersection would be 
different (in fact, it is easy to see that the first intersection in the following formula 

D = r\{Wf \ f eM, f irreducible in L[X,Y]}) = 

= r\{Wf I / e M , f ^X , f irreducible in L[X, Y]} n {Vx} = 
= : n{W \ W eW} 

is irredundant, because D is a KruU domain, so it is the same for the last inter- 
section; this property implies easily the irredudancy of the n{iy(Z) | W G W} ). 

Note that the family of valuation overrings W{Z) := {W{Z) \ W € W} of 
the Priifer domain Kr(D,*) has finite character (in the sense that each nonzero 



18 



element of Kr(Z?,7kr) is a nonunit in at most finitely many valuation overrings of 
W{Z)). 

As a matter of fact, in this case ★ = hence (oo, ai, . . . , a„)* = fKi{D,-k) n 
K, for each ^ f := YZ=oakZ^ € D[Z] , (cf. Theorem 3.11 (1), (2) and 
Theorem 5.1 (2)]) and (ao, ai, . . . , a„)* G /(-D) , because D is a Noetherian ring; 
moreover, each nonzero finitely generated ideal of D is contained in at most finitely 
many height 1 prime ideals of D , because £) is a KruU domain. 

The claim then follows immediately from |^ Corollary 1.11]. In other words, 
each maximal ideal H of Kr(£),7kr) contracts onto a prime ideal of D and thus 
contains a polynomial / G M, / irreducible in the polynomial ring y]; 
henceforth, if / / X , then H = fWf{Z) n , if / = X , then H = 

yVSf(Z) nKr(£i,*) . 

The import of this claim is that the collection {Wf \ f^M,f^X,f irre- 
ducible in L[X,Y]} U {Vx, Wx}^yV U {VFx} , constitutes the collection of all 
nontrivial ★a-valuation (or, equivalently, Tkr-valuation) overrings of D . 

On the other hand, note that D is local and the maximal ideal of the valuation 
overring Vx G W is centered on the maximal ideal N oi D . Moreover, D is 
Noetherian, so * is a semistar operation of finite type on D . It follows that the 
maximal ideal N oi D belongs to Ai{-kf ) . Since (obviously) Dx = D this leads 
to the conclusion that A4{-kf) = {N} — Max(I?) , and so i = d (the identity 
(senii)star operation) of Z? . As noted in the previous example, this implies that 
every valuation overring of D is a * -valuation overring of D. Therefore, -ka and 
i {= d ) are not only different as semistar operations, but they are also associated 
with different sets of valuation overrings (e.g. for each f G M , f ^ X , f 
irreducible in L[X, Y] , the two dimensional valuation overring Vj of D , having 
Wf — L[X, as a one dimensional (valuation) overring and dominating D , is 

a valuation overring of D , but is not a ★a-valuation overring of D ) . 

In the present situation, observe that we have that d = i = (*a) . As a matter 
of fact, from Theorem 14. 31 (^) and from the fact that Kr(I?,Tk-) is a Priifer domain, 
we have that each member of A4(*a) is the center in 13 of a minimal Tkr-valuation 
overring of D , thus M{*a) = {N} , hence M{*a) = Al(*/) . Finally, we have: 

Na(£',*) = N£L{D,i) = Na(D, {*a)) = Na.{D,*a) = Na(L»,d) = D{Z) C 
C Kr{D, d) = Kr(D, b) = n{V{Z) \ Vis an overring ofD} C 

c &(£),*) = &(£),★„) = n{iy(z) I IV G W}. □ 

In Example 15.21 *a ^ i , however (★a) = It seems plausible that something 
of this type holds in general. The next example demonstrates that it does not and 
illustrates why. 

Example 5.3. A (semi)star operation -k of an integral domain D such that i ^ 
*a , the -ka~v3,luation overrings form a proper subset of the set of i-valuation 
overrings and i ^ (*a) ■ 

Let D and N be as in the two previous examples. We construct a (semi)star 
operation ★ on D as follows: 

(1) If dD is any nonzero principal ideal of D , then (dD)* := dD . 

(2) If J <Z D is a nonzero ideal of D which is not contained in any proper 
principal ideal of D , then J* := N . 
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(3) If J Q D is a nonzero ideal of D which is not principal, but is contained 
in a principal ideal, then we factor J as J — fl , where / is a GCD of a 
set of generators of J and I := {J :d fD) is not contained in any proper 
principal ideal of D by the choice of / . Then J* := fN . 

(4) If J is a nonzero fractionary ideal of D which is not contained in D , 
choose a nonzero element d ^ D such that dJ C D . Then define J* := 

(i/d)(djr. 

(5) If J e F{D) \ F{D) we define J* := L{X,Y) . 

Since D is Noetherian, then * is of finite type. Henceforth, it is clear that 
A^(*/) = {N} . Thus, as in the previous example, * = d . 

However, since D is integrally closed and Noetherian, it is easy to see from the 
definition of that D*- = D , N*" = D and (fD)*- ^ fD , for each / € M 
and / irreducible in F] . Hence, A^(*a) — {fD | / G Af and / irreducible 
in L[X, Y] } coincides with the set of all the height 1 primes of D . Moreover, da 
is the classical b operation (Claim in Example 15.2(1 and thus {i)a = da = b . 

On the other hand, coincides with the t (semi)star operation oi D . As a 
matter of fact, we observed already that M.{-ka) coincides with the set of all the 
height 1 primes of D , and this implies that = t because D is a KruU domain 
|2()l Proposition 44.13 or Theorem 44.2]. Since for (semi)star operations of finite 
type we have always the inequalities (★a) < *a < ^ (CoroUarv 14.51 fl) and (201 
Theorem 34.1 (4)]), we deduce immediately that (★a) = *a = ^ • 

Observe that M.{b) = Max(D) , since every valuation overring is a 6-valuation 
overring and every prime ideal oi D is a &-prime of D . We conclude, for the 
particular ★ we are considering here, that: 

h = {i)a ^ (*a) = t, and d^h^ {i)a ^ (*a) = (*a) = t . 

So it is hopeless to try to attain an equality by applying (-) and (-)„ in different 
orders. 

Finally, observe that, for the particular ★ we are considering here, we have (using 
a "new" indeterminate Z ) : 

Na(i:>,7k-) = Na.{D,i)_~N£i{D,d) ^ D{Z) C 

C Na.{D, {*a)) = Na(D, = Na(£), t) = Na{D, v) = 
= n{Wf{Z) I / e irreducible mL[X,Y] } = 

= Kt{D,*) = KriD, i^a)) = Kr{D,*a) = 
= &(£), t) = Kt{D, v) = n{W{Z) I W eW}. 
Na(i:»,*) = Najz),*) = Na(D,d) = D{Z) C 

C Kt{D, d) = Kr(D, i) = &(£>, b) = 
= n{y(Z) I y is an overring oiD} C 

C Ky{D, *) = Kr(Z3, ★„) = C^{W{Z) \W cW}. ^ 

It is possible to make a positive statement about the relationship between (-) 
and (-)a under conditions made clear in the preceding example. 

Proposition 5.4. Let * be a semistar operation of an integral domain D . Then, 
the foUowing conditions are equivalent 

(i) * = (*a) ; 

(ii) Mi^f)^MM; 
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(iii) Na.{D,-k) = Na.{D,*a) ■ 
Proof, (ii) (i). If A^(*/) = A^(*a) , then i ~ (★q) follows immediately from 
the definition of the (-) operator and the fact that is always (by definition) of 
finite type. 

(i) ^ (ii). If M{*f) / M{i^a) , then ★ / (t^^) by Proposition Q (2) and (3), 
again taking into account the fact that (★a) / = *a • 

(iii) => (i) and (i) => (iii) follow from Proposition 13. II (^) and Corollarv l3.5l □ 

Remark 5.5. Let * be a semistar operation of an integral domain D. For semistar 
Kronecker function rings, we can easily state a result "analogous" to Proposition l5.4l 
and concerning * and More precisely, from Proposition 14. II (?>). |17l Theorem 
3.1] and Corollary 3.8, Theorem 5.1 (3)], we have that the following conditions 
are equivalent: 

(i) *a = {i)a ; 

(ii) the set of i~valuation overrings D coincides with the set of -k-valuation 
overrings of D ; 

(iii) Kr(D,i) =Kr(D,*). 

Moreover, each of the previous conditions implies 

(iv) Mi*a) = Miii)a) . 

On the other hand, observe that, from Example 15.21 (for ★ — Tk-yy ), we have that 
(iv) 76- (iii), since X(*a) = A^(*/) = {N} = Mib) = Mida) = A^((*)a) and 
Kr(D, i) ^ Kr(D, b) C Kr{D, ★) . 

This line of thinking motivates our final result, tying our investigation of diffe- 
rently constructed semistar operations back to the topic of Nagata rings. 

Proposition 5.6. Suppose *! and ^2 are semistar operations on a domain D . 
Then, Na(D,*i) = Na(L',*2) if and only if M{{*i)f) = M{{*2)f)- 
Proof. First, suppose Na(L',-A-i) = Na(D,*2)- Then M{{*i)f) = X((*2)/) 
follows from Proposition l3.1l (5). 

Now suppose that Mii*i)f) = A^((*2)/) • Then Na(£),*i) = lSl&{D,i^2) follows 
from Proposition (4). □ 

Acknowledgements. During the preparation of this work the first named author 
was partially supported by a research grant MIUR 2001/2002 (Cofin 2000 - MM 
01192794). Fontana thanks also the Mathematical Department of the Ohio State 
University for the hospitality accorded during his visit in July 2001. 

References 

[1] J. Arnold, On the ideal theory of the Kronecker function ring and the domain D{X), Canad. 

J. Math. 21 (1969), 558-563. 
[2] J. Arnold and J. Brewer, Kronecker function rings and flat D[X]-modules, Proc. Amer. 

Math. Soc. 27 (1971), 483-485. 
[3] D. D. Anderson, Some remarks on the ring R(X), Comm. Math. Univ. St. Pauli 26 (1977), 

137-140. 

[4] D. D. Anderson and S. J. Cook, Two star- operations and their induced lattices, Comm. 

Algebra 28 (2000), 2461-2475. 
[5] D. F. Anderson, D. E. Dobbs and M. Fontana, When is a Bezout domain a Kronecker 

function ring ? C.R. Math. Rep. Acad. Sci. Canada 9 (1987), 25-30. 
[6] D. F. Anderson, D. E. Dobbs and M. Fontana, On treed Nagata rings, J. Pure Appl. Algebra 

61 (1989), 107-122. 



21 



[7] D. F. Anderson, E. G. Houston and M. ZafruUah, Pseudo-integrality, Canad. Math. Bull. 

34 (1991), 15-22. 
[8] N. Boubaki, Algebre Commutative, Hermann, Paris, 1961. 

[9] P.-J. Cahcn, A. Loper, and F. Tartarone, Integer-valued polynomials and Priifer-v- 

multiplication domains, J. Algebra 226, (2000), 765-787. 
[10] D. E. Dobbs and M. Fontana, Kronecker function rings and abstract Riemann surfaces, J. 

Algebra 99 (1986), 263-284. 
[11] H.M. Edwards, Divisor Theory, Birkhauser, 1990. 

[12] W. Fanggui, On w-projective modules and w-flat modules, Algebra Colloquium 4 (1997), 
111-120. 

[13] W. Fanggui, On UMT-domains and w-integral dependence, Preprint. 

[14] W. Fanggui and R. L. McCasland, On w-modules over strong Mori domains, Comm. Alge- 
bra 25 (1997), 1285-1306. 

[15] W. Fanggui, R. L. McCasland, On strong Mori domains, J. Pure Appl. Algebra 135 (1999), 
155-165. 

[16] M. Fontana and J. Huckaba, Localizing systems and semistar operations, in "Non Noe- 

therian Commutative Ring Theory" (S. Chapman and S. Glaz, Eds.), Kluwer Academic 

Publishers, Dordrecht, 2000, Chapter 8, 169-187. 
[17] M. Fontana and K. A. Loper, Kronecker function rings: a general approach, in "Ideal 

Theoretic Methods in Commutative Algebra" (D.D. Anderson and I.J. Papick, Eds.), M. 

Dckkcr Lecture Notes Pure Appl. Math. 220 (2001), 189-205. 
[18] M. Fontana and K. A. Loper, A Krull-type theorem for the semistar integral closure of an 

integral domain, ASJE Theme Issue "Commutative Algebra" 26 (2001), 89—95. 
[19] R. Gilmer, An embedding theorem for HCF-rings, Proc. Cambridge Phil. Soc. 68 (1970), 

583-587. 

[20] R. Gilmer, Multiplicative Ideal Theory, M. Dekker, New York, 1972. 

[21] R. Gilmer and W. Heinzer, Irredundant intersections of valuation rings. Math. Z. 103 
(1968), 306-317. 

[22] S. Glaz and W. Vasconcclos, Flat ideals, II, Manuscripta Math. 22 (1977), 325-341. 

[23] F. Halter-Koch, Generalized integral closures, in "Factorization in Integral Domains" (D.D. 

Anderson, Ed.). M. Dekker Lecture Notes Pure Appl. Math. 187 (1997), 349-358. 
[24] F. Haltcr-Koch, Ideal Systems: An Introduction to Multiplicative Ideal Theory, M. Dekker, 

New York, 1998. 

[25] F. Halter-Koch, Kronecker function rings and generalized integral closures. Preprint. 
[26] F. Halter-Koch, Localizing systems, module systems, and semistar operations, J. Algebra 
238 (2001), 723-761. 

[27] J.R. Hedstrom and E.G. Houston, Some remarks on star-operations, J. Pure Appl. Algebra 

18 (1980), 37-44. 

[28] J. A. Huckaba, Commutative rings with zero divisors, M. Dekker, New York, 1988. 
[29] P. Jaffard, Les Systcmes d'ldcaux, Dunod, Paris, 1960. 

[30] B. G. Kang, *-operations on integral domains, Ph.D. Dissertation, Univ. Iowa 1987. 
[31] B. G. Kang, Priifer v -multiplication domains and the ring R{X\i\]^, J. Algebra 123 (1989), 
151-170. 

[32] I. Kaplansky, Commutative Ring Theory, AUyn and Bacon Inc., Boston, 1970. 

[33] L. Kronecker, Grundziige einer arithmetischen Theorie der algebraischen Grossen, J. Reine 

Angew. Math., 92 (1882), 1-122; Werke 2, 237-387. 
[34] W. KruU, Idealtheorie, Springer- Verlag, Berlin, 1935. 

[35] W. KruU, Beitrdge zur Arithmetik kommutativer Integritdtsbereiche, I - II. Math. Z. 41 

(1936), 545-577; 665-679. 
[36] W. KruU, Beitrdge zur Arithmetik kommutativer Integritdtsbereiche, VIII. Math. Z. 48 

(1942/43), 533-552. 

[37] R. Matsuda, Kronecker function rings of semistar operations on rings. Algebra Colloquium 
5 (1998), 241-254. 

[38] R. Matsuda and I. Sato, Note on star operations and semistar operations. Bull. Fac. Sci. 

Ibaraki Univ. Ser. A 28 (1996), 5-22. 
[39] R. Matsuda and T. Sugatani, Semistar operations on integral domains, II, Math. J. Toyama 

Univ. 18 (1995), 155-161. 
[40] M. Nagata, Local rings, Interscience, New York, 1972. 



22 



[41] A. Okabc and R. Matsuda, Star operations and generalized integral closures, Bull. Fac. Sci. 

Ibaraki Univ. Scr. A 24 (1992), 7-13. 
[42] A. Okabc and R. Matsuda, Sernistar operations on integral domains, Math. J. Toyama Univ. 

17 (1994), 1-21. 

[43] A. Okabe and R. Matsuda, Kronecker function rings of sernistar operations, Tsukuba J. 

Math., 21 (1997), 529-540. 
[44] P. jr. Quartaro and H. S. Butts, Finite unions of ideals and modules, Proc. Amer. Math. 

Soc. 52 (1975), 91-96. 
[45] P. Samuel, Lectures on unique factorization domains, Tata Institute, Bombay, 1964. 



